Density Matrix in Product
Operator Form

BCMB/CHEM 8190



Product Operators: Connection to
Density Matrix Properties

For small deviations It 1S convenient to work with
a deviation density matrix, | o | =| p | - | E | (identity mat)

| o | 1s also just a collection of numbers; product
operators are specific subsets of these numbers.

Some subsets are assoclated with observables; ie. c,,
G,1, Oggs Oys, dictate Mx and My.

Some sets transform cleanly to other sets under rf
pulses; 1e. 6,4, 05, -> Gy,, G, UNder a 90°x pulse
(actually linear combinations of these)




Expressing o In a basis set of matrices

e Rationale: collecting elements with common
evolution and transformation properties

* o(t) = Z4 by(t) Bs

* One option, the cartesian set of spin operators
Bs = 2608 N (1 )2
g =0 ...N; (# spin operators in product)
vV = X,Y,Z; K = nucleus index;

a(sk) = 1 for g nuclei, 0 for others (19 is identity, E)



Example: a single spin ¥z nucleus

e Four element basis set:
g=0; Y E

da=1 |l iy liz
e Can represent any density matrix as a linear

combination of these (Hemitian; o;; = ¢;*; G;; real)

e LHE = %Ll) ﬂ 2= %Ll) _01}
¢ |,= %ﬁ _Oi} Iy = %{(1) (1)}



Representation of some simple
density matrices

o O
* What about 6,7 O, =% 0 _s§ =ol,

 What about ¢ after a n/2 pulse on +X axis?

CDH5 o |-

* Note the simple conversion of one product
operator (part of a density matrix) to another
operator (part of a density matrix) under an rf

pulse



Transformation for an arbitrary pulse on X

o exp(-lm,t Iy) I, exp(io t ly) =1, cos(w,t) - I, sin(w,t)

 Hence, above w,t for positive B, would be
negative. Convention is not to specify direction on
axis but to do so implicitly by sign of angle. This
makes product operator transformations look
opposite of our Bloch equation description.

» A positive 90 degree rotation about X converts |, to
— |y; @ 90 degree rotation with field in +X direction
converts M, to M.



Product Operators for Two Spin Case

g=0 W%E

a=1 |l livi lize g by bz

q=2 2lixloxs 2lixloy, 2lixlo7,

2 1Y|2X’ 2 1Y'2Y1 2 1Y*'27»

2 1Z|2X’ 2'12 2Y? 2 12'22’
Note: 16 operators (pieces of o)

16 elements in 2 spin (4X4) density matrix



Two-Spin Cartesian Product Operators

Howarth et al., JMR 68, 433-452 (1986)
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Two-Spin Cartesian Product Operators

(continued)
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Physical interpretation of Product Operators

11z + 12z s proportional to equilibrium population
(basis set order: aa, af3, Pa, aa): 64, =0 has excess

oooa

1 0 0 O 1 0 0 1 00
0 0 O
81/20100+51/20'10 = 5
0 0 -10 0 0 1 0 0 O
0 0 0 -1 0 0 0 -1 0 0 0 -1

I1x is obvious; If o Is proportional to Ix, X magnetization exists.
Mx = Tr{|oc |y (h/2r) d |IX|} =

0 01 0fflo 0o 1 0 1000
0 1 0 0
0 0 0 1]]0o 0 0 1
h/2m)o/4 Tr =v(h/2w)5/4 Tr
vivemsiaTel) L o o [FTYeR) 00 1 0
001 0 0|0 10 0] =ynhops 1°° 01




What about 2 11x122?

Note: we can generate 2 11x12z from I1x and 12z by multiplication

Yo o 15

o O o Bk
o — O O

o » O O
L, O O O

o O O k-
o O +— O

Result is much like 11x, but with reversal of some signs.

We can assocliate elements with particular lines; 6,3 = 6,3,
This is transition of the first spin with second a.. 6,4 = G445
IS a transition of the first with the second spin : first doublet

| 11X | :M | 2 11x12z | = J\f



What about 21,yl,?

00100100 0 00 1
0001|100 0 0 0 1 0
2'%'%'1000'0001:%0100
0100|0010 _10&0_
yd
"0 0 0 _1 Two Q, ZeroQ
sy |0 010
0 10 0
100 0

e Linear combination of 2 is pure Zero Q or Two Q
* 2lixlyys 2l1yloy, are imaginary components



Transformation properties come from
rotation operators

X pulse by angle o,;t=a
> -(Ily)— |, cos(m,t) - Iy, sin(w,t)
v -(Ix)—> | cos(m,t) + |, sin(m,t)
x ()= Ix
* Free precession:

Iy -(Awly)— |y cos(Awt) + |y Sin(Awt)

Iy -(2nd 17 1,,) = |y cos(ndt) + 1y 1,5 Sin(nJt)




Transformations Caused by Various Evolution Operators

Product Oper. I1X + 12X 11y +12y 11z +12z 2 11212z

% E Y% E Y% E % E ¥ E

11z -11y I1x 11z 11z

122 -12y 12X 12z 12z

2 11212z (2 11lyl2y) (2 11x12x) 2 11212z 2 11z12x
11X 11X -11x 11y 2 11yl2z
11y 11z I1ly -11x -2 11x12z
12X 12X -12x 12y 211z12x
12y 12z 12y -12x -2 11z12x
2 11x12z -2 11x12y (-2 11z12x) 2 11yl12z 11y

2 11y12z (-2 11z12y) 2 11y12x -2 11x12z -11x

2 11z12x -2 11y12x (-2 11x122) 2 11z12y 12y

2 11z12y (-2 11yl2z) 2 11x12y -2 11z12x -12x

2 11x12x 2 11x12x (2 11z122) 2 11x12x
2 11y12x 2 11z12x -2 11yl12z 2 11y12x
2 11x12y 2 11x12z -2 11z12y 2 11x12y
2 11yl2y (2 11z122) 2 11yl2y 2 11yl2y

Evolution is to 2, 4( ), or more ---. Coefficient is sin of 3, %2 Jt, or wt.




Application of Product Operators:
2D, 2Q Spectrum

Can we excite a 2Q coherence? Can we detect it?
Consider: 90, t/2 180, ©/2 90, Wwitht=%J

(removes chem shift)
li7 + 17 -(IxHk, 90)— -liy —loy -(Jli7l57, T)—
2013l + 21171y ~(Ix*ly, 90)—= -2l«loy + 211ylok

ZQ and 2Q evolution -- also gives -2,y |,y etc

Consider detection: 90,
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