




Mixing by Scalar Coupling of Directly Bonded 
Nuclei:  the INEPT and HSQC Experiments

(Z polarization of 15N Needs Quantum Explanation)
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Quantum Mechanics Fundamentals (Spin Operations)
Expectation values correspond to observables:

µ = <ψ| µ |ψ>   =   ⌠ψ* µ ψ dτ
⌡

µ - an operator,   ψ - a wave function (spin function)

Examples:
ψ = α, β (one spin ½ )   ψ = αα, αβ, βα, ββ (two spins ½ )

solutions to Schrodinger’s equation:  H ψ = E ψ

µ =  γ I (h/2π)     µz =  γ Iz (h/2π)   (magnetic moments)
(in terms of spin operators)

Operations:
Iz (h/2π) |α>  = (h/2π) ½ α, , Iz (h/2π) |β>  = -(h/2π) ½ β

Hz = - µ•B,  Ez = < α|- µ•B0 |α>  = -½ γ(h/2π) B0<α*|α> 
= -½ γ(h/2π) B0



Hamiltonian Operator Containing Primary 
Observables for High Resolution NMR

H = -γB0∑i (1-σi)IZi + ∑j>i 2π J Ii · Ij + ∑j>i 2π Ii · D · Ij

chemical shift   scalar coupling   dipolar coupling

Ii = Iix + Iiy + Iiz

In “first order” spectra scalar coupling term can be 
approximated as:

∑j>i 2π J Iiz · Ijz

Spin functions (ψ = α, β, αβ, βα …) are solutions to 
Schrodinger’s Equation:  Hψ = Eψ





Some other spin operators:
Ix |α>  =  ½ β Ix | β >  =  ½ α
Iy |α>  =  ½ iβ Iy | β >  =  -½ iα
I1y |α β >  =  ½ iββ I2y |α β >  =  -½ iαα
I1yI2y |α β >  =  ¼ βα I1zI2y |α β >  =  -¼ iαα

Note: α, β, are not eigenfunctions of Hamiltonians (H) 
that contain these operators.

Solution:  Sets such as αα, βα, αβ, αα are complete 
orthonormal sets.  

Any spin function can be written in terms of these
ψ = c1 αα + c2 αβ + c3 βα + c4 ββ = ∑j cj φj













Operators in Matrix Notation

If we stay with one basis set, properties vary only because of 
changes in the coefficients weighting each basis set function

µx = γ(h/2π)<ψ| Ix |ψ>

ψ= c1 αα + c2 αβ + c3 βα + c4 ββ =  ∑j cj φj

<ψ| Ix |ψ>  =  ∑j,k cj* ck <φj| Ix |φk>

We need calculate <φj| Ix |φk> only once if we stay 
with this basis set – these can be put in a n x n matrix.

Matrix equivalent: <ψ| Ix |ψ>  = (c1, c2, …)* ⎡ ⎤ ⎛c1⎞
⎟ Ix⎟ ⎟ c2⎟
⎣ ⎦ ⎝ • ⎠



Special Case: Pauli Spin Matrices

0½ 
½ 0

|Ix| =
Note: < α | Ix | α> = ½ < α | β > = 0

< α | Ix | β > = ½ < α | α > = ½

0i½ 
-i½ 0

|Iy| =
½ 0 
0½ 

|Iz| =

How do they work?  Try something we know: Ix | α >  = ½ β

0½ 
½ 0

0
1

½ 
0

0
1= = ½ =  ½  β

Operators are a matrix of numbers, Spin functions a vector of numbers






